Portfolio Optimization

1. Background and introduction
1.1
Nowadays, many people want to invest in the stock market to earn profits. But people want to avoid the risk of stocks, so how to minimize the risk becomes a big problem. If too many people go broke in the stock market because of the risk, it could cause a serious social problem. It is the reason why we need portfolio optimization.
1.2
Portfolio optimization is the combination of various stocks with different portfolio weights to reduce the risk, which includes financial definitions and statistical methods. There are several fundamental financial and statistical definitions, e.g. stock returns, risks, expectation, variance and standard deviation. Stock return equals to the dividend (difference between initial price and final price) divided by initial price. The expectation of a random variable is intuitively the long-run average value of repetitions of the experiment it represents. Expectation is used to calculate the expected return. We have known E(X) =X1P1+X1P2+……+ X n P n. Variance measures how far a set of numbers is spread out. Var(x) = [(x1-) (x2-)……(x n-)2].And standard deviation(volatility) is the square root of variance, which refers to the risk in terms of finance.
2. The reason of using the portfolio optimization
2.1 portfolio weight
Portfolio weight is the proportion of the amount of the investment of individual stock in a portfolio. Different portfolio weights will cause different risks and returns. portfolio weight = the amount of the investment of individual stock  / the investment of the portfolio.
2.2 compare individual risk and portfolio risk
	Return (%)
	Stock A
	Stock B
	Portfolio(1/2stockA+1/2stockB)

	2008
	2.0
	1.0 
	1.5

	2009
	-0.8
	2.3
	0.75

	2010
	0.5
	3.6
	2.05

	2011
	-1.5
	-6.3
	-3.9

	2012
	3.6
	3.4
	3.5

	Mean
	0.76
	0.8
	0.78

	Volatility(risk)
	2.074
	4.1018
	2.5073


If we buy only one stock, we will have an individual risk. But if we buy two or even more in a portfolio, we will have the portfolio risk. e. x.
Obviously, the portfolio risk is lower than the mean of two individual risks. It is because that portfolio optimization has diversification proven by the statistical method, which explains not putting all eggs into one basket.
3. The approach of using the portfolio optimization
3.1
We search for the historical stock prices of the start and end date of each year from 2005 to 2014 from Yahoo Finance, which are Alibaba, Sinopec and Baidu. Then we calculate the historical annual return. Assuming that the historical annual return is a random variable X. After that, we can get the average annual return and the volatility (risk).Average annual return= (closing price at the end of a year - opening price at the begin of a year)/ opening price at the begin of a year. Var(x) =[(x1-) (x2-)……(x n-)2] and volatility is the square root of the variance.
	Year
	eBay
	Sinopec
	Baidu

	2005
	0.799
	1.333
	-4.667

	2006
	6.175
	28.316
	75.39

	2007
	17.856
	22.071
	275.89

	2008
	-41.993
	-57.425
	-66.90

	2009
	53.782
	43.486
	211.54

	2010
	17.548
	30.359
	-76.79

	2011
	1.565
	-36.942
	18.91

	2012
	14.444
	4.761
	-16.42

	2013
	31.815
	-20.524
	72.15

	2014
	17.933
	3.311
	28.44

	Average annual return
	11.992
	1.845
	51.75

	risk
	24.559
	32.009
	113.92


3.2
Then we estimate the expected return from the historical return by calculating the expectation.
eBay
	Interval
	Frequency
	Density

	-50≤x≤-40
	1
	0.1

	……
	0
	0

	0≤x≤10
	3
	0.3

	10＜x≤20
	4
	0.4

	20＜x≤30
	0
	0

	30＜x≤40
	1
	0.1

	……
	0
	0

	50＜x≤60
	1
	0.1


E(x) =12
Sinopec
	Interval
	Frequency
	density

	-60≤x≤-40
	1
	0.1

	-40＜x≤-20
	2
	0.2

	……
	0
	0

	0＜x≤20
	3
	0.3

	20＜x≤40
	2
	0.2

	40＜x≤60
	1
	0.1


E(x) =8


Baidu
	Interval
	frequency
	density

	-80≤x≤-20
	2
	0.2

	-20＜x≤40
	4
	0.4

	40＜x≤100
	3
	0.3

	……
	0
	0

	160＜x≤220
	1
	0.1

	220＜x≤280
	1
	0.1


E(x) =50

The interval is 10, it is because we will get accurate expected return from it.
	
	Expected return
	Volatility

	eBay
	12
	24.559

	Sinopec
	8
	32.009

	Baidu
	50
	113.92


By the historical price and calculating of return, we can calculate the expected return. Next, we will find standard error in the expected return. 
Standard error=
95% Confidence interval=historical average return± (2*standard error)


	
	Standard error
	95% Confidence interval

	eBay
	7.76
	11.992±15.52

	Sinopec
	10.12
	1.845±20.24

	Baidu
	36.02
	51.75±72.04





3.3 
There are further definitions about this project, such as covariance, correlations, etc. Covariance is used for expected products of the two deviations of two returns from their means. Correlation refers to any of a broad class of statistical relationships involving dependence. 

Covariance(Ri, Rj)=E[(Ri-E(Ri))(Rj2-E(Rj))]
Correlation(Ri, Rj)=cor(Ri, Rj)/S.D.(Ri)*S.D.(Rj)
If the correlation increase, the volatility will also increase, then two stocks are going to move together. It is far away from the mean.

3.4	
We simulate the Markowitz Model by MATLAB tool to optimize the portfolio weight with the lowest portfolio risk.
Assuming the correlation between three stocks is equal to zero

Here is the MATLAB code:


Returns= [12 8 50];
STDs= [24.559 32.009 113.92];
Correlations= [1 0 0;0 1 0;0 0 1];
Covariance = corr2cov(STDs , correlations);
variances = corr2cov(STDs , correlations);
portopt(returns , covariances , 20);
[PortRisk, PortReturn, PortWts] = frontcon(returns,covariances,20);
[PortRisk, PortReturn, PortWts]






Plot the efficient portfolio:
[bookmark: _GoBack]


We can see the return and risk easily in the picture, return increases linearly in terms of risk, when risk is larger than 22 approximately. It helps us to invest wisely. So portfolio optimization is useful for investing.

Here is the different portfolio weight with their returns and risks:
	risk
	Return
	weight

	/
	eBay
	Sinopec
	Baidu

	19.2058
	11.6400
	0.6116
	0.3600
	0.0284

	20.0269
	13.6590
	0.6211
	0.3033
	0.0756

	22.3096
	15.6779
	0.6306
	0.2466
	0.1227

	25.6669
	17.6968
	0.6401
	0.1900
	0.1699

	29.7370
	19.7158
	0.6497
	0.1333
	0.2171

	34.2669
	21.7347
	0.6592
	0.0766
	0.2642

	39.0970
	23.7537
	0.6687
	0.0199
	0.3114

	44.1582
	25.7726
	0.6376
	0
	0.3624

	49.4695
	27.7916
	0.5844
	0
	0.4156

	54.9653
	29.8105
	0.5313
	0
	0.4687

	60.5955
	31.8295
	0.4782
	0
	0.5218

	66.3259
	33.8484
	0.4250
	0
	0.5750

	72.1325
	35.8674
	0.3719
	0
	0.6281

	77.9984
	37.8863
	0.3188
	0
	0.6812

	83.9111
	39.9053
	0.2657
	0
	0.7343

	89.8613
	41.9242
	0.2125
	0
	0.7875

	95.8422
	43.9432
	0.1594
	0
	0.8406

	101.8483
	45.9621
	0.1063
	0
	0.8937

	107.8753
	47.9811
	0.0531
	0
	0.9469

	113.9200
	50.0000
	0
	0
	1.0000



3.5
	0.6116
	0.3600
	0.0284


The first group with weight

is preferred, because the risk is the lowest.
For example, if I have 1000RMB, I will buy for 612RMB, B for 360 RMB and C for 28RMB.
4. 
4.1 Advantages
We can decide how to invest. We should invest some stocks at the same time, and we will get more return and less risk. We should also try to invest wisely and choose the best portfolio.
4.2 Improvements
4.2.1
When we are looking for the historical stock price, we found that annual price is better than daily price. The mean of daily returns is smaller than zero, but the mean of annual returns is bigger than zero. So the returns in long-terms are larger than that in short-term.
4.2.2
When people estimate the expected returns, there are two kinds of people, one is optimistic and the other is pessimistic, so optimistic people will estimate higher expected return than pessimistic people. Therefore we should be subjective.
4.2.3
When we use the statistical method to estimate the expected return, there exists the standard error, so we can search for more historical data to reduce the error. 
4.3 Extents
We can use portfolio optimization in stocks; we can also use it in many other financial products. For example, we can apply it in exchange, futures, securities and so on.
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